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Abstract: The propagation characteristics and interactions between the dust acoustic (DA) 
one and multi-solitons in an unmagnetized dusty plasmas composing negatively charged 
mobile dust, Boltzmann distributed electrons, nonextensive distributed cold and nonthermal 
distributed hot ions are studied. The well known extended Poincaré-Lighthill-Kuo (PLK) 
method is employed to derive the two-sided Korteweg–de Vries (KdV) equations. The 
solutions of KdV equations are constructed using the Hirota’s method both for one and multi 
solitons. The phase shifts are determined for the interaction of one, two and three DA 
solitons. The effects of plasma parameters on the head-on collision of DA one- as well as 
multi-solitons and their corresponding phase shifts are investigated.   
Keywords: Dusty plasmas, Solitons, Nonextensivity, Nonthermality, KdV equations. 
1. Introduction 
Dusty plasmas, composed of electron-ion plasma with an additional component of small 
micron or submicron sized extremely massive charged dust, are considered for understanding 
several types of collective processes that are existed in the lower and upper mesosphere, 
cometary tails, planetary rings, interstellar media, planetary magnetosphere, interplanetary 
spaces, etc [1-4] space as well as laboratory dusty plasmas [5-7]. The nonlinear collective 
effects of plasmas cannot appropriately be studied without tedious mathematical techniques. 
The localization of waves produces several types of important consistent structures, due to 
the interaction of nonlinearity with dispersion or dissipation, namely: solitary waves, shock 
waves, double layer (DL), vortices, etc which carries significant role both from the theoretical 
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and experimental point of views. On the other hand, the plasmas significantly modify the 
wave spectra and introduce new eigen-modes [8, 9], such as dust-acoustic waves (DA), dust-
ion acoustic waves (DIA), dust lattice waves, etc in the presence of charged dust components. 
Rao et al. [5] have investigated the characteristics of low-phase speed DA waves in dusty 
plasmas, which are existed both in the space and laboratory devices. It was found that the 
inertia provides by the mass of the dust particle and the pressure of the inertia-less electrons 
and ions provides restoring force due to the production of DA waves in the plasmas. Many 
authors [10-18] have investigated the propagation characteristics of DA waves in dusty 
plasmas considering various types of plasma assumptions. Tribeche and Merriche [19] have 
studied the effects of ion nonextensivity on DA solitary waves (DASWs). Yasmin et al. [20] 
have analyzed the properties of nonlinear waves in dusty plasmas consisting of q-distributed 
electrons. Sahu and Tribeche [21] have described the solitary and shock waves in dusty 
plasma associated with nonextensive ions. Besides, the face to face collision between the 
waves and their corresponding phase shifts also play a vital role to understand the physical 
phenomena in the plasmas. A few authors [22-27] have investigated the head-on collision of 
two solitary waves in distinct plasmas using the extended Poincaré-Lighthill-Kuo (PLK) 
method. Mandal et al. [18] have described the overtaking collision and phase shifts of DA 
multi-soliton in dusty plasmas with nonthermal electrons. Ghosh et al. [22] have investigated 
the head-on collision of DASWs in a four-component dusty plasmas with nonthermal ions.  
Tasnim et al. [28] have studied the properties of DASWs in an unmagnetized quasi-neutral 
dusty plasma containing extremely massive negatively charged mobile dust particles, 
Boltzmann distributed electrons, and ions of two distinct temperatures, where the lower 
(cold) temperature ions follow nonextensive distribution, while higher (hot) temperature ions 
follow nonthermal distribution. They have derived the KdV, mKdV (modified KdV), and SG 
(standard Gardner) equations to study the nonlinear physical phenomena in the 
aforementioned plasmas. They have also showed that how the Gardner solution differs from 
the KdV and MKdV solutions and mentioned that the plasmas may exists in various cosmic 
dust-laden plasmas [29-31], where two-temperature ions [32-36] can significantly modify the 
wave dynamics. However, the role of the head-on collision between the DA waves may not 
be ignored, which also play important role for understanding physical scenarios in the 
aforementioned plasmas [28]. Being motivated, for the potentiality of the problems related to 
the astrophysical, space and laboratory plasmas, the head-on collisions between the DA one-, 
and multi-soliton, and their phase shifts in an unmagnetized plasmas consisting of extremely 
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massive negatively charged mobile dust particles, Boltzmann distributed electrons, and ions 
of two distinct temperatures are investigated. The effects of cold and hot ions temperature 
ratio (𝜎1), cold ion-electron temperature ratio (𝜎2), unperturbed cold ion-dust density ratio 
(𝜇𝑖1), unperturbed hot ion-dust density ratio (𝜇𝑖2), strength of cold ion nenextensivity (𝑞) and 
population of hot ion nonthermality (𝛽) on the phase shift, and face to face collision between 
the DA one and multi-solitons are examined. Thus, the paper is organized as follows: 
theoretical model and derivations of two different types of KdV equations are depicted in 
Section 2. The one and multi-solitons solutions of KdV equations and their corresponding 
phase shifts are displayed in Section 3. The results along with relevant discussion are 
presented in Section 4. Finally, the conclusion is drawn in section 5. 
 
2. Governing fluid and derivation of KdV equations 
Let us consider a one dimensional unmagnatized plasma system consisting of negatively 
charged mobile dust, lower (cold) and higher (hot) temperature ions, and Boltzmann-
distributed electrons. The lower and higher temperatures ions are assumed to follow the 
nonextensive and nonthermal distributions, respectively. At equilibrium, the charge neutrality 
condition is obtained as 𝑛𝑖10 +  𝑛𝑖20 =  𝑛𝑒0 + 𝑍𝑑𝑛𝑑0, where  𝑛𝑖10 and 𝑛𝑖20 are the densities of 
unperturbed ions having lower and higher temperatures, 𝑛𝑒0 and 𝑛𝑑0 are the densities of 
unperturbed electrons and electrons on the surface of the dust grains, respectively, and 𝑍𝑑  is 
the charge number. To study the face to face collision of DA waves and their corresponding 
phase shift in the plasmas, the normalized governing fluid equations can be defined [28] as 
𝜕𝑛𝑑
𝜕𝑡
+
𝜕 
𝜕𝑥
(𝑛𝑑  𝑢𝑑) = 0                                                                        (1) 
𝜕𝑢𝑑
𝜕𝑡
+  𝑢𝑑
𝜕𝑢𝑑
𝜕𝑥
=
𝜕𝜙
𝜕𝑥
                                                                          (2) 
𝜕2𝜙
𝜕𝑥2
=  𝑛𝑑 + 𝜇𝑒
𝜎2𝜙 − 𝜇𝑖1 1 −  𝑞 − 1 𝜙 
 𝑞+1 
2 𝑞−1 − 𝜇𝑖2 1 + 𝛽𝜎1𝜙 + 𝛽𝜎1
2𝜙2 𝑒−𝜎1𝜙  .    (3) 
Here, 𝑛𝑑  is dust particle density normalized by 𝑛𝑑0  , 𝑢𝑑  is the dust fluid speed normalized by 
dust acoustic speed 𝐶𝑑 =  𝑍𝑑𝑘𝐵𝑇𝑖1/𝑚𝑑 
1/2, 𝜙 is the electrostatic potential normalized by 
𝑇𝑖1/𝑒, 𝜎1 = 𝑇𝑖1/𝑇𝑖2, 𝜎2 = 𝑇𝑖1/𝑇𝑒 , 𝜇𝑖1 = 𝑛𝑖10/𝑍𝑑𝑛𝑑0, 𝜇𝑖2 = 𝑛𝑖20/𝑍𝑑𝑛𝑑0, 𝑇𝑖1(𝑇𝑖2) is the lower 
(higher) ion temperature, 𝑘𝐵  is the Boltzmann constant and 𝑚𝑑  is the dust particle mass. The 
time variable 𝑡 is normalized by dust particle period 𝜔𝑝𝑑
−1 =  𝑚𝑑/4𝜋𝑛𝑑0𝑍𝑑
2𝑒2 1/2 and the 
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space variable 𝑥 is normalized by the Debye length 𝜆𝐷𝑚 =  𝑘𝐵𝑇𝑖1/4𝜋𝑛𝑑0𝑍𝑑𝑒
2 1/2. The 
equilibrium charge neutrality condition in the plasmas is obtained taking the Poisson’s 
relation into account as  𝜇 = 𝑛𝑒10/𝑍𝑑𝑛𝑑0 = 𝜇𝑖1 + 𝜇𝑖2 − 1.  
To investigate the propagation characteristics and the interaction of the DA solitons, the 
scaling variables 𝑥 and 𝑡 can be stretched by the new coordinate system [23, 24] using the 
extended PLK method as  
 
𝜉 = 𝜀 𝑥 − 𝑉𝑡 + 𝜀2𝑃0 𝜂, 𝜏 + 𝜀
3𝑃1 𝜂, 𝜉, 𝜏 +  ……
𝜂 = 𝜀 𝑥 + 𝑉𝑡 + 𝜀2𝑄0 𝜉, 𝜏 + 𝜀
3𝑄1 𝜂, 𝜉, 𝜏 +  ……
𝜏 = 𝜀3𝑡  
 ,                             (4) 
where 𝜉 and 𝜂 are the trajectories between the solitons which are traveling toward each other, 
and 𝑉 is the unknown phase velocity of DA waves and 𝜀 is a small parameter measuring the 
strength of nonlinearity and dissipation. The unknown variables 𝑃0 𝜂, 𝜏  and 𝑄0 𝜉, 𝜏  will be 
determined later.  Using Eq.(4), the operators can be defined as 
 
𝜕
𝜕𝑡
≈ 𝜀3
𝜕
𝜕𝜏
+ 𝜀𝑉  −
𝜕
𝜕𝜉
+
𝜕
𝜕𝜂
 + 𝜀3𝑉  
𝜕𝑃0
𝜕𝜂
𝜕
𝜕𝜉
−
𝜕𝑄0
𝜕𝜉
𝜕
𝜕𝜂
 + ⋯⋯
𝜕
𝜕𝑥
≈ 𝜀  
𝜕
𝜕𝜉
+
𝜕
𝜕𝜂
 + 𝜀3  
𝜕𝑃0
𝜕𝜂
𝜕
𝜕𝜉
+
𝜕𝑄0
𝜕𝜉
𝜕
𝜕𝜂
 + ⋯⋯⋯⋯⋯⋯⋯
 
 
 
.                    (5) 
 The perturbed quantities can be expand in power series of 𝜀 as  
   
𝑛𝑑
𝑢𝑑
𝜙
 =  
1
0
0
 + 𝜀2  
𝑛𝑑
(1)
𝑢𝑑
(1)
𝜙(1)
 + 𝜀3  
𝑛𝑑
(2)
𝑢𝑑
(2)
𝜙(2)
 + 𝜀4  
𝑛𝑑
(3)
𝑢𝑑
(3)
𝜙(3)
 + ⋯                                  (6) 
Inserting Eqs. (5) and (6) into Eqs. (1)-(3) and equating the quantities with equal power of 𝜀, 
one may obtain a set of equations in different orders of 𝜀. To the lowest order of 𝜀 yeild  
 −𝑉
𝜕𝑛𝑑
(1)
𝜕𝜉
+
𝜕𝑢𝑑
(1)
𝜕𝜉
 +  𝑉
𝜕𝑛𝑑
(1)
𝜕𝜂
+
𝜕𝑢𝑑
(1)
𝜕𝜂
 = 0,                                        (7) 
 −𝑉
𝜕𝑢𝑑
(1)
𝜕𝜉
−
𝜕𝜙(1)
𝜕𝜉
 +  𝑉
𝜕𝑢𝑑
(1)
𝜕𝜂
−
𝜕𝜙(1)
𝜕𝜂
 = 0,                                   (8) 
𝑛𝑑
(1)
= −𝐶1𝜙
(1) ,                                                                      (9) 
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where 𝐶1 =  𝜇𝜎2 +
1
2
𝜇𝑖1 𝑞 + 1 − 𝜇𝑖2𝜎1 𝛽 − 1  . One may define the relations along with 
the different physical quantities taking Eqs. (7)-(9) into account as 
𝜙(1) = 𝜙𝜉
 1  𝜉, 𝜏 + 𝜙𝜂
 1  𝜂, 𝜏  ,                                                             (10) 
𝑛𝑑
(1)
= −𝐶1  𝜙𝜉
 1  𝜉, 𝜏 + 𝜙𝜂
 1  𝜂, 𝜏   ,                                                 (11) 
𝑢𝑑
(1)
=
1
𝑉
 −𝜙𝜉
 1  𝜉, 𝜏 + 𝜙𝜂
 1  𝜂, 𝜏   .                                                  (12) 
The normalized phase velocity is obtained [28] as 𝑉 =  𝜇𝜎2 +
1
2
𝜇𝑖1 𝑞 + 1 − 𝜇𝑖2𝜎1 𝛽 −
1  
−
1
2
 taking the solvability condition into account. The considered functions 𝜙𝜉
 1  𝜉, 𝜏  and 
𝜙𝜂
 1  𝜂, 𝜏  may be determined taking the next order of 𝜀. From the relations of Eqs. (10)-(12), 
the two sided electrostatic waves may appear, one of which (𝜙𝜉
 1 
) is traveling to right 
direction and the other  (𝜙𝜂
 1 
) is traveling to left direction. To the next order of 𝜀, one can 
obtain another set of  equations whose solutions are defined as 
𝜙(2) = 𝜙𝜉
 2  𝜉, 𝜏 + 𝜙𝜂
 2  𝜂, 𝜏  ,                                                          (13) 
𝑛𝑑
(2)
= −𝐶1  𝜙𝜉
 2  𝜉, 𝜏 + 𝜙𝜂
 2  𝜂, 𝜏    ,                                             (14) 
𝑢𝑑
(2)
=
1
𝑉
 −𝜙𝜉
 2  𝜉, 𝜏 + 𝜙𝜂
 2  𝜂, 𝜏    .                                              (15) 
Finally, the next higher order of 𝜀 gives  
𝜕𝑛𝑑
(1)
𝜕𝜏
− 𝑉
𝜕𝑛𝑑
(3)
𝜕𝜉
+ 𝑉
𝜕𝑛𝑑
(3)
𝜕𝜂
+
𝜕𝑢𝑑
(3)
𝜕𝜉
+
𝜕𝑢𝑑
(3)
𝜕𝜂
+
𝜕
𝜕𝜉
 𝑛𝑑
(1)𝑢𝑑
(1) +
𝜕
𝜕𝜂
 𝑛𝑑
(1)𝑢𝑑
(1) 
+ 𝑉
𝜕𝑃0
𝜕𝜂
𝜕𝑛𝑑
(1)
𝜕𝜉
+
𝜕𝑃0
𝜕𝜂
𝜕𝑢𝑑
(1)
𝜕𝜉
− 𝑉
𝜕𝑄0
𝜕𝜉
𝜕𝑛𝑑
(1)
𝜕𝜂
+
𝜕𝑄0
𝜕𝜉
𝜕𝑢𝑑
(1)
𝜕𝜂
= 0,                        (16) 
𝜕𝑢𝑑
(1)
𝜕𝜏
− 𝑉
𝜕𝑢𝑑
 3 
𝜕𝜉
+ 𝑉
𝜕𝑢𝑑
 3 
𝜕𝜂
+ 𝑢𝑑
(1)
𝜕𝑢𝑑
(1)
𝜕𝜉
+ 𝑢𝑑
(1)
𝜕𝑢𝑑
(1)
𝜕𝜂
−  
𝜕𝜙 3 
𝜕𝜉
−
𝜕𝜙 3 
𝜕𝜂
+ 𝑉
𝜕𝑃0
𝜕𝜂
𝜕𝑢𝑑
(1)
𝜕𝜉
−
𝜕𝑃0
𝜕𝜂
𝜕𝜙 1 
𝜕𝜉
− 𝑉
𝜕𝑄0
𝜕𝜉
𝜕𝑢𝑑
(1)
𝜕𝜂
−
𝜕𝑄0
𝜕𝜉
𝜕𝜙 1 
𝜕𝜂
= 0,                                                  (17) 
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𝜕2𝜙(1)
𝜕𝜉2
+
𝜕2𝜙(1)
𝜕𝜂2
+ 2
𝜕2𝜙(1)
𝜕𝜉𝜕𝜂
= 𝑛𝑑
(3) + 𝐶1𝜙
(3) + 𝐶2 𝜙
(1) 
2
 .                     (18)  
Simplifying Eqs. (16)-(18) and then integrating with regards to 𝜉 and 𝜂 provides  
2𝑉2𝑢𝑑
 3 =   
𝜕𝜙𝜉
 1 
𝜕𝜏
+ 𝐴𝜙(1)
𝜕𝜙(1)
𝜕𝜉
+ 𝐵
𝜕3𝜙(1)
𝜕𝜉3
 𝑑𝜂                                                              
+   
𝜕𝜙𝜂
 1 
𝜕𝜏
− 𝐴𝜙𝜂
 1 𝜕𝜙𝜂
 1 
𝜕𝜂
− 𝐵
𝜕3𝜙𝜂
 1 
𝜕𝜂3
 𝑑𝜉
+   2𝑉
𝜕𝑃0
𝜕𝜂
−  𝐶2𝑉
3 −
1
2𝑉
 𝜙𝜂
 1  
𝜕2𝜙𝜉
 1 
𝜕𝜉2
𝑑𝜉𝑑𝜂
−  2𝑉
𝜕𝑄0
𝜕𝜉
−  𝐶2𝑉
3 −
1
2𝑉
 𝜙𝜉
 1  
𝜕2𝜙𝜂
 1 
𝜕𝜂2
𝑑𝜉𝑑𝜂,                                        (19) 
where 𝐴 = − (3/2𝑉) + 𝑉3𝐶2  and 𝐵 = 𝑉
3/2. The first and second term in the right side of 
(19) are proportional to 𝜂 and 𝜉, respectively, because the integrand functions involving in 
first and second terms in the right side of Eq.(19) are independent of 𝜂 and 𝜉, respectively. 
All the term of the first two expressions in the right side of Eq.(19) becomes secular. It may 
eliminate in order to stay away from specious resonances. Hence, one can derive the 
following KdV equations: 
𝜕𝜙𝜉
 1 
𝜕𝜏
+ 𝐴𝜙𝜉
 1 
𝜕𝜙𝜉
 1 
𝜕𝜉
+ 𝐵
𝜕3𝜙𝜉
 1 
𝜕𝜉3
= 0,                                            (20) 
𝜕𝜙𝜂
 1 
𝜕𝜏
− 𝐴𝜙𝜂
 1 𝜕𝜙𝜂
 1 
𝜕𝜂
− 𝐵
𝜕3𝜙𝜂
 1 
𝜕𝜂3
= 0.                                           (21) 
It is seen from Eqs. (20) and (21) that they yield two sided traveling wave KdV equations in 
the considered frame of references  𝜉 and 𝜂, respectively. Moreover, the third and fourth 
terms in the right side of Eq. (19) may become secular terms in the next higher order and 
yields the following equations:  
𝜕𝑃0
𝜕𝜂
= 𝐷𝜙𝜂
 1 ,                                                                             (22) 
𝜕𝑄0
𝜕𝜉
= 𝐷𝜙𝜉
 1 ,                                                                             (23) 
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where, 
𝐷 =  
𝐶2𝑉
2
2
−
1
4𝑉2
  .                                                                                (24) 
The variables 𝑃0 𝜂, 𝜏  and 𝑄0 𝜉, 𝜏  can be obtained by solving Eqs. (22) and (23) with the 
help of analytical solutions of the KdV equations (20) and (21).  
3. Soliton solutions and phase shifts 
To study the nonlinear propagation of face to face one as well multi-soliton collisions and 
their phase shifts of DA waves in the plasmas, one may derive the analytical soliton solutions 
of the KdV Eqs. (20) and (21). The Hirota bilinear method [37] is a well establish method for 
the determination of one and multiple-soliton solutions of the nonlinear partial differential 
equations. The one-soliton solutions of the KdV equations (20) and (21) can be written as 
𝜙𝜉
 1 =
12𝐵
𝐴
𝜕2
𝜕𝜉2
 In  1 + exp  𝑘1𝐵
−
1
3𝜉 − 𝑘1
3𝜏   ,                                     (25) 
𝜙𝜂
 1 =
12𝐵
𝐴
𝜕2
𝜕𝜂2
 In  1 + exp  −𝑘1𝐵
−
1
3𝜂 − 𝑘1
3𝜏   .                                (26) 
Using (25) and (26), Eqs. (22) and (23) can be converted to  
𝜕𝑃0
𝜕𝜂
=
12𝐵𝐷
𝐴
𝜕2
𝜕𝜂2
 In 1 + exp −𝑘1𝐵
−1/3𝜂 − 𝑘1
3𝜏   ,                           (27) 
𝜕𝑄0
𝜕𝜉
=
12𝐵𝐷
𝐴
𝜕2
𝜕𝜉2
 In 1 + exp 𝑘1𝐵
−1/3𝜉 − 𝑘1
3𝜏   .                              (28) 
Solving Eqs.(27) and (28), the leading phase changes due to the collisions of two sided 
solitary waves can be obtained as  
𝑃0 𝜂, 𝜏  = −
12𝐵2/3𝐷𝑘1
𝐴
exp −𝑘1𝐵
−1/3𝜂 − 𝑘1
3𝜏 
1 + exp −𝑘1𝐵−1/3𝜂 − 𝑘1
3𝜏 
 ,                      (29) 
𝑄0 𝜉, 𝜏 =
12𝐵2/3𝐷𝑘1
𝐴
exp 𝑘1𝐵
−
1
3𝜉 − 𝑘1
3𝜏 
1 + exp  𝑘1𝐵
−
1
3𝜉 − 𝑘1
3𝜏 
 .                                (30) 
The trajectories of two solitary waves for weak face to face collision can be written as  
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𝜉 = 𝜀 𝑥 − 𝑉𝑡 − 𝜀2
12𝐵2/3𝐷𝑘1
𝐴
exp −𝑘1𝐵
−1/3𝜂 − 𝑘1
3𝜏 
1 + exp −𝑘1𝐵−1/3𝜂 − 𝑘1
3𝜏 
+ ⋯ ,            (31) 
𝜂 = 𝜀 𝑥 + 𝑉𝑡 + 𝜀2
12𝐵2/3𝐷𝑘1
𝐴
exp  𝑘1𝐵
−
1
3𝜉 − 𝑘1
3𝜏 
1 + exp  𝑘1𝐵
−
1
3𝜉 − 𝑘1
3𝜏 
+  ⋯ .                (32) 
To evaluate the phase shifts after a head-on collision of the two solitons, one may consider 
the solitons, say, 𝑆1 and 𝑆2 are, asymptotically, far from each other at the initial time. After 
collision, 𝑆1 is far to the right of 𝑆2. Using the relation ∇𝑃0 =  𝜀 𝑥 − 𝑉𝑡  𝜂→−∞ ,𝜉=0 −
 𝜀 𝑥 − 𝑉𝑡  𝜂→∞ ,𝜉=0  and ∇𝑄0 =  𝜀 𝑥 + 𝑉𝑡  𝜉→−∞ ,𝜂=0 −  𝜀 𝑥 + 𝑉𝑡  𝜉→∞ ,𝜂=0, the corresponding 
phase shifts may obtain as 
∇𝑃0 = −𝜀
2
12𝐵2/3𝐷
𝐴
𝑘1,                                                                   (33) 
∇𝑄0 = 𝜀
2
12𝐵2/3𝐷
𝐴
𝑘1 .                                                                   (34) 
Again, two-soliton solutions of Eqs. (20) and (21) can be written as  
𝜙𝜉
 1 =
12𝐵
𝐴
𝜕2
𝜕𝜉2
 In 1 + exp 𝜗1 + exp 𝜗2 + 𝑎12 exp 𝜗1 + 𝜗2   ,               (35) 
𝜙𝜂
 1 =
12𝐵
𝐴
𝜕2
𝜕𝜂2
 In 1 + exp Ω1 + exp Ω2 + 𝑎12 exp Ω1 + Ω2   ,            (36) 
where 𝜗𝑖 = 𝑘𝑖𝐵
−1/3𝜉 − 𝑘𝑖
3𝜏 , Ωi = −𝑘𝑖𝐵
−1/3𝜂 − 𝑘𝑖
3𝜏  and 𝑎12 =  𝑘2 − 𝑘1 
2/ 𝑘2 + 𝑘1 
2 
with 𝑖 = 1, 2. Using Eqs.(35) and (36), the solution of Eqs. (22) and (23) can determine as
  
𝑃0 = −
12𝐵2/3𝐷
𝐴
𝑘1 exp 𝜗1 + 𝑘2 exp 𝜗2 + 𝑎12 𝑘1 + 𝑘2 exp 𝜗1 + 𝜗2 
1 + exp 𝜗1 + exp 𝜗2 + 𝑎12 exp 𝜗1 + 𝜗2 
,           (37) 
𝑄0 =
12𝐵2/3𝐷
𝐴
𝑘1 exp Ω1 + 𝑘2 exp Ω2 + 𝑎12 𝑘1 + 𝑘2 exp Ω1 + Ω2 
1 + exp Ω1 + exp Ω2 + 𝑎12 exp Ω1 + Ω2 
,             (38) 
and the corresponding phase shifts may be obtained as 
∇𝑃0 = −𝜀
2
12𝐵2/3𝐷
𝐴
 𝑘1 + 𝑘2 ,                                                    (39) 
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∇𝑄0 = 𝜀
2
12𝐵2/3𝐷
𝐴
 𝑘1 + 𝑘2 .                                                      (40) 
Finally, three-soliton solutions of the Eqs. (20) and (21) can be written as  
𝜙𝜉
 1 =
12𝐵
𝐴
𝜕2
𝜕𝜉2
 In 1 + exp 𝜗1 + exp 𝜗2 + exp 𝜗3 + 𝑎12 exp 𝜗1 + 𝜗2                         
+ 𝑎23 exp 𝜗2 + 𝜗3 + 𝑎13 exp 𝜗1 + 𝜗3 
+ 𝑎123 exp 𝜗1 + 𝜗2 + 𝜗3   ,                                                                                 (41) 
𝜙𝜂
 1 =
12𝐵
𝐴
𝜕2
𝜕𝜂2
 In 1 + exp Ω1 + exp Ω2 + exp Ω3 + 𝑎12 exp Ω1 + Ω2                   
+ 𝑎23 exp Ω2 + Ω3 + 𝑎13 exp Ω1 + Ω3 
+ 𝑎123 exp Ω1 + Ω2 + Ω3   ,                                                                               (42) 
where 𝜗𝑖 = 𝑘𝑖𝐵
−1/3𝜉 − 𝑘𝑖
3𝜏 , Ωi = −𝑘𝑖𝐵
−1/3𝜂 − 𝑘𝑖
3𝜏, 𝑖 = 1 − 3, 𝑎12 =  𝑘1 − 𝑘2 
2/
 𝑘1 + 𝑘2 
2, 𝑎23 =  𝑘2 − 𝑘3 
2/ 𝑘2 + 𝑘3 
2 , 𝑎13 =  𝑘1 − 𝑘3 
2/ 𝑘1 + 𝑘3 
2  and 𝑎123 =
𝑎12𝑎23𝑎13 . 
and their phase shifts may be evaluated as 
∇𝑃0 = −𝜀
2
12𝐵2/3𝐷
𝐴
 𝑘1 + 𝑘2 + 𝑘3 ,                                          (43) 
∇𝑄0 = 𝜀
2
12𝐵2/3𝐷
𝐴
 𝑘1 + 𝑘2 + 𝑘3 .                                            (44) 
The interactions among the DA solitons and their corresponding phase shifts on plasma 
parameters are discussed in the next section. 
4. Results and Discussion  
The head-on collision phenomena between the DA solitons and their corresponding phase 
shifts have investigated by deriving two-sided KdV equations involving nonlinearity (𝐴) and 
dispersion (𝐵) cofficients using the extended PLK method in the considered plasmas. The 
coefficients 𝐴 and 𝐵 strongly depends on the plasma parameters 𝜎1 = 𝑇𝑖1/𝑇𝑖2, 𝜎2 = 𝑇𝑖1/𝑇𝑒 , 
𝜇𝑖1 = 𝑛𝑖10/𝑍𝑑𝑛𝑑0, 𝜇𝑖2 = 𝑛𝑖20 /𝑍𝑑𝑛𝑑0, 𝑞 and 𝛽. It is seen that the compressive and rarefactive 
DA solitons may exists when 𝐴 > 0  and  𝐴 < 0, respectively. Tasnim et al. [28] have clearly 
indicated that the small amplitude compressive, rarefactive and no DASWs exists when 
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𝜇𝑖1 < 0.56, 𝜇𝑖1 > 0.56 and 𝜇𝑖1~0.56, respectively. On the other hand, Ghosh et al. [22] have 
mentioned that the positive or negative phase shift does not depend on the type of wave 
mode, but depends on the co-efficient 𝐷 in Eq. (26). Furthermore, many authors [26, 37, 38] 
have shown that the colliding acoustic wave has a positive phase shift in its traveling 
direction. El-Labany et al. [27] have illustrated that the colliding DASW has a negative phase 
shift in its traveling direction. Therefore, the phase shifts becomes either positive or negative 
due to head-on collision of the solitons. It is found that the positive phase shifts are obtained 
only if  𝐴 > 0 and 𝐷 < 0, otherwise there will be negative phase shifts. The parametric 
effects considering the typical data of Tasnim et al. [28] on the nonlinear head-on collision of 
electrostatic DA one and multi-solitons and their corresponding phase shifts are discussed.  
Figures 1(a)-(c) show the effects on phase shift ∇𝑃0 for the interaction between the two 
same amplitudes one-soliton with 𝜇𝑖1 and 𝜇𝑖2, 𝜎1 and 𝜎2, and 𝑞 and 𝛽, respectively taking the 
remaining parameters constant. On the other hand, Figures 2(a)-(c) show the changes of 
phase shifts ∇𝑃0 for the interaction between the two same amplitudes with 𝜇𝑖1 and 𝜇𝑖2, 𝜎1 and 
𝜎2, and 𝑞 and 𝛽, respectively considering the same values as in Fig. 1 except the wave 
numbers 𝑘1 = 1 and 𝑘2 = 2. It is seen that the phase shifts of head-on collision of two-sided 
one and multi solitons are strongly depend on the plasma parameters and the wave numbers, 
and are increasing with increasing 𝜇𝑖1, 𝜇𝑖2, 𝜎1 and 𝑞, and are decreasing with increasing 𝜎2 
and 𝛽. It is also found the phase shifts for head-on two-soliton is higher rather than one-
soliton due to the increase of wave number.  
Figures 3(a)-(d) display the electrostatic potential structures 𝜙𝜉
 1 
and 𝜙𝜂
 1 
 for one-soliton 
as mentioned in Eqs. (25) and (26) against 𝜉 and 𝜂, respectively considering the different 
values of the remaining plasma parameters and time 𝜏. It is seen that the amplitudes due to 
head-on collision of DASWs is increasing with the increase of  𝜇𝑖1, 𝜇𝑖2 and 𝜎1, and is 
decreasing with the increase of 𝜎2. It is observed that the coefficients of nonlinear term (A) of 
the two-sided KdV equations are decreasing with the increase of 𝜇𝑖1, 𝜇𝑖2 and 𝜎1. Figures 3 
show the phenomena of head-on collisions of the one-solitons. It is found that Fig. 3(d) is the 
mirror image of Fig. 3(b), as is expected. It is also seen from Fig. 3(a) that the compressive 
and rarefactive potential structures are found for 𝜇𝑖1 < 0.56 and 𝜇𝑖1 > 0.56, respectively due 
to the interaction between two-solitons which are in good agreement with the investigations 
of [28]. Figures 4 display the electrostatic potential structures 𝜙𝜉
 1 
and 𝜙𝜂
 1 
  for two-solitons 
as obtained from Eqs. (35) and (36) against 𝜉 and 𝜂, respectively, taking the different values 
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of the remaining plasma parameters and time 𝜏. It is seen that the amplitude of DA multi 
solitons is increasing with the increase of 𝜇𝑖1, 𝜇𝑖2 and 𝜎1, and is decreasing with the increase 
of 𝜎2 and 𝛽. Figures 4 clearly dictate that the four, compressive for 𝜇𝑖1 < 0.56 and 
rarefactive for 𝜇𝑖1 > 0.56, scattered solitons are produced due to the head-on collisions of 
two-solitons, in which of two are propagating from left to right and remaining two are 
propagating in the opposite direction. Finally, Figures 5 display the electrostatic potential 
structures 𝜙𝜉
 1 
and 𝜙𝜂
 1 
  for three-soliton as obtained from Eqs. (41) and (42) against 𝜉 and 𝜂, 
respectively considering different values of the remaining plasma parameters and 𝜏. It is also 
seen that the amplitude of IASWs is increasing with the increase of  𝜇𝑖1, 𝜇𝑖2 and 𝜎1, and is 
decreasing with the increase of 𝜎2 and 𝛽. Figures 5 clearly indicate that the six, compressive 
for 𝜇𝑖1 < 0.56 and rarefactive for 𝜇𝑖1 > 0.56, scattered solitons are produced due to the 
head-on collisions of three-solitons, in which of three are propagating from left to right and 
remaining three are propagating in the opposite direction. Thus, the results obtained in this 
manuscript may also useful for better understanding the physical phenomena observed in 
various cosmic dust-laden plasmas.   
 
5. Summary 
The propagation characteristics and the interaction between the DA solitons composing 
negatively charged mobile dust, Boltzmann-distributed electrons and two distinct 
temperatures of ions are investigated. The KdV equations are derived using the extended 
PLK method. The analytical solutions for solitons are constructed using the well established 
Hirota bilinear method. The phase shifts due to head-on collisions among the DA one, two, 
and three solitons are determined analytically from the two-sided KdV equations. The effects 
of plasma parameters on the head-on collision between the electrostatic DA one and multi 
solitons and their corresponding phase shifts are discussed. The compressive and rarefactive 
scattering for two, four and six DA waves are observed for 𝜇𝑖1 < 0.56 and 𝜇𝑖1 > 0.56, 
respectively. The phase shifts due to head-on collisions of DA one as well as multi solitons 
are strongly depend on the plasma parameters and the wave numbers, and are increasing with 
increasing 𝜇𝑖1, 𝜇𝑖2, 𝜎1 and 𝑞, and are decreasing with the increase of 𝜎2 and 𝛽. One may 
conclude that the results obtained in this investigation might be useful for understanding 
electrostatic disturbances in some space and laboratory plasma systems, such as Saturn’s 
Ering Saturn’s F-ring, noctilucent clouds, Halley’s comet, interstellar molecular clouds in 
cosmic dust-laden plasma, laboratory dusty plasmas, etc., where major plasma species are 
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negatively charged mobile dust, Boltzmann distributed electrons, and two temperature ions 
following nonextensive and nonthermal distributions. 
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Fig. 1 Influence on phase shifts due to head-on collision for one-soliton (a) 𝜇𝑖1 and 𝜇𝑖2 taking 
𝜎1 = 0.2, 𝜎2 = 0.03, 𝛽 = 0.3 and 𝑞 = 0.25, (b) 𝜎1 and 𝜎2 taking 𝜇𝑖1 = 0.3, 𝜇𝑖2 = 0.41, 
𝛽 = 0.3 and 𝑞 = 0.25, and (c) 𝑞 and 𝛽 taking 𝜎1 = 0.2, 𝜎2 = 0.03, 𝜇𝑖1 = 0.3, 𝜇𝑖2 = 0.41.  
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Fig. 2 Influence on phase shifts due to head-on collision for two-soliton (a) 𝜇𝑖1 and 𝜇𝑖2 (b) 𝜎1 
and 𝜎2 and (c) 𝑞 and 𝛽 considering typical values as of Fig.1.  
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Fig. 3 Electrostatic potential profiles due to head-on collisions between 𝜙𝜉
 1 (𝜉, 𝜏) and 
𝜙𝜂
 1 (𝜂, 𝜏) for one-soliton taking (a) 𝜇𝑖1 = 0.2 (compressive), 𝜇𝑖1 = 0.78 (rarefactive), 
𝜇𝑖2 = 0.41 𝜎1 = 0.2, 𝜎2 = 0.05, 𝛽 = 0.3 and 𝑞 = 0.25, (b) 𝜇𝑖1 = 0.2, 𝜇𝑖2 = 0.41, 𝜎1 = 0.1, 
𝜎2 = 0.05, 𝛽 = 0.3 and 𝑞 = 0.25, (c) same values of (b) but 𝜎2 = 0.01, and (d) same values 
of (c) but 𝜇𝑖2 = 0.5.  
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Fig. 4 Electrostatic potential profiles due to head-on collisions between 𝜙𝜉
 1 (𝜉, 𝜏) and 
𝜙𝜂
 1 (𝜂, 𝜏) for two-soliton taking (a) 𝜇𝑖1 = 0.1 (compressive), 𝜇𝑖1 = 0.78 (rarefactive), 
𝜇𝑖2 = 0.41 𝜎1 = 0.5, 𝜎2 = 0.05, 𝛽 = 0.3 and 𝑞 = 0.25, (b) 𝜇𝑖1 = 0.1, 𝜇𝑖2 = 0.41, 𝜎1 = 0.1, 
𝜎2 = 0.05, 𝛽 = 0.5 and 𝑞 = 0.25, (c) same values of (b) except 𝑞 = 0.5, and (d) same values 
of (b) except 𝜎2 = 0.01. 
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Fig. 5 Electrostatic potential profiles due to head-on collisions between 𝜙𝜉
 1 (𝜉, 𝜏) and 
𝜙𝜂
 1 (𝜂, 𝜏) for three-soliton taking (a) 𝜇𝑖1 = 0.1 (compressive), 𝜇𝑖1 = 0.78 (rarefactive), 
𝜇𝑖2 = 0.41 𝜎1 = 0.5, 𝜎2 = 0.05, 𝛽 = 0.3 and 𝑞 = 0.25, (b) 𝜇𝑖1 = 0.1, 𝜇𝑖2 = 0.41, 𝜎1 = 0.1, 
𝜎2 = 0.05, 𝛽 = 0.5 and 𝑞 = 0.25, (c) same values of (b) but 𝑞 = 0.15, and (d) same values of 
(b) but 𝜇𝑖2 = 0.31. 
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